We list the known prime factors of the Fibonacci numbers Fn for n < 999 and Lucas numbers Ln for n < 500. We discuss the various methods used to obtain these factorizations, and primality tests, and give some history of the subject.
Introduction.
In the Supplements section at the end of this issue we give in two tables the known prime factors of the Fibonacci numbers Fn, 3 < n < 999, n odd, and the Lucas numbers Ln, 2 < n < 500. The sequences Fn and Ln are defined recursively by the formulas . . ^n+2 = Fn+X + Fn, Fo = 0, Fi = 1, Ln+2 = Ln+i + Ln, in = 2, L\ = 1.
The use of a different subscripting destroys the divisibility properties of these numbers.
We also have the formulas an -3a Furthermore, as a result of a generalization by Lucas of a special identity discovered by Aurifeuille, we also have for odd n i^n = a +p = a4n _ a3nßn + a2n/32n _ anß3n + /?4n Ln an + ßn = (a2n -3anßn + ß2n)2 + 5anßn(an -ßn)2 = (5F2 + l)2 -25F2 = (hF2 + 5Fn + 1)(5F2 -5Fn + 1) (using aß = -1 and a -ß = VE).
Consequently, we have the special Aurifeuillian factorization (2.9) L5n = LnA5nB5n, n odd, where A5" = 5Fn2 -5Fn + 1, B5n = 5F2 + 5Fn + 1.
This decomposition means that these ¿5n's have two different algebraic factorizations. For example, from (2.6) and (2. Since j4g = A\5 = 1, these are omitted in Table 3 , while Bg" is written as Lg and BU as L*X5.
Those Lucas numbers which do not have an Aurifeuillian factorization appear in the tables in the same format as the Fibonacci factorizations.
However, the Aurifeuillian factorizations appear in an expanded format. For example, the above factorization appears as:
105 (3, 7, 21 Theorem 1 (Crossover Theorem). For oddk,n> l where (5,fc) = l and (|) is the Jacobi symbol, if ( 7 j = !> then A5n I A5kn and B5n | B5fcn; if ( 7 J = -1, then A5n | B5kn and B5n | A5fcn.
The tables are organized using formulas (2.4) and (2.6). As a result, no prime factor appears explicitly more than once in the tables (except intrinsic factors and the repeated factor 2 of L3). Where space permits, we list the known factors in their entirety on a single line. We list all prime factors of 25 digits or less, carrying over to a second line, without breaking the factor, when necessary. All other factors are listed as either Pxx or Cxx, indicating respectively a prime or a composite cofactor of xx digits. When a factorization is incomplete, we leave space on the line for new factors to be inserted by hand.
Factorization
Methods.
A variety of methods have been used to effect the factorizations given herein. These include the Pollard p -1 and Brent-Pollard Rho methods [13] [17] , [18] , and Lenstra's Elliptic Curve Method (ECM) [11] , [13] . Of course, many of the smaller prime factors are quite old, and were originally found by trial division or the difference of squares method.
Some of the methods utilize the form of the prime divisors given by the following theorems [9, p. 11] . THEOREM 2. Let n be odd and let p be an odd, primitive prime divisor of Fn.
Then
(i) p = 1 mod 4.
(ii) if p = ±1 mod 10, then p = 1 mod 4n.
(iii) if p = ±3 mod 10, then p = 2n -1 mod 4n. and F5387 are probable primes [21] .
For Fn to be prime, n > 5, it is necessary, but not sufficient, that n be prime. Similarly, Ln can be prime only when n is prime or a power of 2. There are several identities that can be used for primality proofs if one should find either Fn or Ln or their primitive parts to be probable primes. These identities are useful because in proving N prime, the methods of [5] depend upon auxiliary factorizations of N± 1. Tables 2 and 3 with fewer than 85 digits, and not labelled as Cxx, have been proved prime by Silverman using the methods presented in [5, Section 3] and [20] . These methods depend upon auxiliary factorizations of p -1, p+1, p2 + l, p2+p-r-l, and p2 -p + 1. If these cyclotomic polynomials have enough small prime factors, then the methods produce very fast proofs of primality along with a compact certificate which can later be used to verify the proof. Andrew Odlyzko has proved all of the remaining probable prime cofactors to be prime using an implementation of the Cohen-Lenstra algorithm [6] . Thorkil Naur ran the p -1 and Pollard Rho methods on Fn for odd n, 1 < n < 399, and on L" for 0 < n < 500. When a factor was at most 53 digits, he completed it via CFRAC. His book [15] Montgomery, between 1983 and 1986, applied the methods of [13] to all composite table entries, using idle time on a VAX/780, two VAX/750's and a CDC 7600. He found about 200 previously unknown factors of 11 to 36 digits. Over half of these were found by ECM. He used 10 elliptic curves with limits of 104 and 6-105, another ten curves with limits of 1.6 • 104 and 106, and a third set of ten curves with limits of 3.2 • 104 and 2 • 106. Often he used four, five or more sets, but the work is uneven (many more curves were used on the Lucas numbers than on the Fibonacci numbers). Montgomery [13, Section 6] also ran p + 1 with an initial value (seed) of 15/8 mod N using limits of 3 • 105 and 107, and again with a seed of 23/11 mod N using limits of 2 • 106 and 108. If P = 15/8 mod N, then P2 -4 = -31/64 mod N will be a quadratic residue precisely when -31 is a quadratic residue, so this will find a factor of p if p -(-^M is highly composite; this includes cases where 31 divides whichever of p ± 1 is highly composite. The seed of 23/11 mod N catches cases where p -f | J is highly composite. By Theorems 2 and 3, if p | F* (n odd) or p I Ln, then p -(|) is divisible by 2n, so the latter case occurs frequently. However, these runs did miss some primes p for which p + 1 is highly composite, such as the factor 2170208701449020077201 = 2 • 7 ■ 12583 ■ 55807 • 424267 • 520309 -1 of Fjgs (found by MP-QS; -31 is a nonresidue, but the limits were not high enough on that run).
Davis and Holdridge [7] , in 1984, completed the factorizations of four cofactors (Í277, ¿362, ¿370> and ¿471) of 57 to 58 digits, using QS on a CRAY IS.
Silverman • Each listed factor divides the number and is a prime or probable prime.
• The proper list of algebraic (including intrinsic) factors appears • The primitive prime factors appear in ascending order.
• If no cofactor is given, the list of factors is complete.
• If a cofactor is labelled as Cxx, then it is indeed composite and has xx digits.
• If a cofactor is labelled as Pxx, then it is a prime or probable prime and has xx digits.
• No odd primitive prime factor of Fn or L" was found to divide twice, further strengthening the conjecture that no such prime exists. Earlier versions of these tables were checked on computers by Michael Morrison and Tim Korb. It is still an open question what the best method is to attack a large arbitrary composite number. The authors' experience suggests that the following procedure is perhaps the most reasonable.
As long as the remaining cofactor TV is not a probable prime, do the following in order:
(1) Trial division up to some small limit, perhaps (ln A)2.
(2) ECM is generally more effective than p ± 1, but p ± 1 is so much faster that trying it first is worthwhile. A good first set of starting limits is about 104 and 105. This should perhaps take a couple of minutes on a typical mainframe for (say) an 80-digit number. (3) ECM should now be tried, using about 5 curves and limits of 104 and 5 105. (4) If the remaining cofactor is sufficiently small (say up to 60 digits), it should be finished with MP-QS. If the number is larger than this, it is worthwhile devoting more ECM trials with higher limits to it.
(5) If ECM fails and the number is less than about 70 digits, then MP-QS
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The present practical limit of technology seems to be about 16 digits for prime factors found by Pollard Rho, 18 digits for Brent's variation of Pollard Rho, and 25 digits for ECM. The p± 1 methods occasionally have huge successes where a factor over 25 digits is found; for example, these methods could have found the 29-digit factor of L479 with a little more effort. However, factors of 18 to 20 digits are more typical. The CFRAC method has been demonstrated for products up to 1064, QS for products up to 1071, and MP-QS for products up to 1087. This comparison is not quite fair, however, because the CFRAC and QS results were achieved either on a supercomputer or on special purpose hardware, while the MP-QS results were achieved on a network of SUN's [17] , [18] . Table 1 lists all of the known nonlargest primitive prime factors of Fn or Ln having more than 25 digits. The cofactor of each of these, when it is composite, is assumed to have at least one prime factor exceeding the factor listed. Each entry includes the discoverer, the method of discovery, and the machine used. In the "machine" column the notation "UVAX/1" is an abbreviation for Micro-VAX/1. 
